Killing Forms of Isotropic Lie Algebras by Malagon, Audrey
ar
X
iv
:1
00
2.
35
25
v1
  [
ma
th.
RT
]  
18
 Fe
b 2
01
0
KILLING FORMS OF ISOTROPIC LIE ALGEBRAS
AUDREY MALAGON
Abstract. This paper presents a method for computing the Killing form of
an isotropic Lie algebra defined over an arbitrary field based on the Killing
form of a subalgebra containing its anisotropic kernel. This approach allows
for streamlined formulas for many Lie algebras of types E6 and E7 and yields a
unified formula for all Lie algebras of inner type E6, including the anisotropic
ones.
1. Introduction
The computation of Killing forms plays an important role in the classification of
Lie algebras. The Killing form provides an invariant in the sense of Serre’s lectures
[GMS03] and has ties to other important invariants, so a method for computing
them in a straightforward manner is a valuable tool. We are able to do this for Lie
algebras over an algebraically closed field using the Cartan matrix. In this paper,
we are primarily concerned with computing the Killing form of Lie algebras of
exceptional type defined over an arbitrary field of characteristic not 2. N. Jacobson
[Jac71] and J-P. Serre [GMS03] give some results in this direction. Jacobson’s
results apply to certain Lie algebras of types E6, E7, E8, G2, and while they cover
the exceptional Lie algebras over R, his formulas are quite complicated, relying
heavily on knowledge of the underlying Jordan and Cayley algebras. They also
omit many cases over arbitrary fields. Serre gives the following straightforward
formulas for F4 and G2 in terms of quadratic form invariants q3, q5 (See [PR95]
or [GMS03] for precise definitions of these invariants. Here we use the notation of
[Lam05].)
κG2 = 〈−1,−3〉(q3 − 1)
κF4 = 〈−2〉(q5 − q3) + 〈−1,−1,−1,−1〉(q3 − 1)
This paper presents similar streamlined formulas for other exceptional Lie alge-
bras. Specifically, we describe a method which uses root system data to determine
the Killing form of a isotropic Lie algebra in terms of the Killing form of a regular
subalgebra. This method then provides a unified formula for all Lie algebras of
inner type E6 and produces clean, straightforward formulas for other Lie algebras
of outer type E6 and type E7. While this paper focuses on Lie algebras whose
anisotropic kernel contains a subalgebra of type D4, the general method may be
extended to other cases, particularly the Wesentlich case, by computing the Killing
form on the anisotropic kernel consisting of algebras of type A. Other type two
E6 cases may also be studied with this method, specifically the case in which the
anisotroipc kernel of type 2A5 is a twisted form of sl6. Throughout the paper, the
following numbering of vertices in the Dynkin diagrams will be used.
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Theorem 1. Let L be a simple, isotropic Lie algebra of dimension n defined over
a field F with simple roots ∆ (all of the same length) and Cartan subalgebra H. Let
∆0 denote the basis of simple roots for the anisotropic kernel of L, and let A be a
regular subalgebra of dimension n′ with simple roots ∆′ ⊃ ∆0. If A = ⊕ni=1Ai with
each Ai simple, and charF does not divide the Coxeter number of any Ai, then the
Killing form κ on L is given by
κ = 〈 m(L)
m(A1)
〉κ1 ⊥ ... ⊥ 〈 m(L)
m(An)
〉κn ⊥ κ|ZH(A) ⊥
n− n′ − |∆ \∆′|
2
H
where m(−) is the Coxeter number of the algebra, κi is the Killing form of Ai, and
ZH(A) is the centralizer of A in H.
The results extend easily to Lie algebras whose roots have different lengths using
a multiple that involves the dual Coxeter number rather than the Coxeter number
of the algebra. The Killing form is computed on ZH(A) using a grading of the
Lie algebra and results of [ABS90] to translate the question into one of dimensions
of irreducible representations. Using this theorem, we also have the following for-
mula for the Killing form of all inner type Lie algebras of type E6, including the
anisotropic ones, over any field of characteristic not 2 or 3. Here we refer to a
modified Rost invariant r(L) described in [GG08] and we use e3 to denote the well
known Arason invariant.
Theorem 2. The Killing form of a Lie Algebra of type 1E6 is isomorphic to
〈−1〉4q0 ⊥ 〈2, 6〉 ⊥ 24H
where 1 ⊥ q0 is a 3-fold Pfister form and e3(1 ⊥ q0) is r(L).
The final sections include explicit computations of Killing forms for certain Lie
algebras of exceptional types.
2. Isotropic Lie Algebras, Tits Indices & Tits Algebras
When studying Lie algebras over arbitrary fields, it is preferable to use Tits
indices instead of Dynkin diagrams. A Tits index includes the Dynkin diagram of
the root system together with information about split toral subalgebras and the
action of the Galois group of F on the Lie algebra. Tits indices were described
and classified by J. Tits in [Tit66] for algebraic groups. (We will often make use of
the theory of algebraic groups, which applies to these Lie algebras (see [Bor91, I.3],
[Hum81, III.9]).)
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We let ∆ denote the collection of simple roots for a Lie algebra L defined over a
field F with Cartan subalgebra H . We let I denote the indexing set of ∆. There is
a natural action of the Galois group Γ of Fsep/F on H
∗ since over Fsep, H is split.
The image of ∆ under the action of an element σ ∈ Γ will be another basis for L,
and since the Weyl group permutes bases, we have a unique element w in the Weyl
group such that w ◦σ(∆) = ∆. Tits defines the ∗-action of Γ as the composition of
the usual action with this element of the Weyl group. That is for σ ∈ Γ
σ∗ := w ◦ σ
The resulting action on ∆ will be a graph automorphism of the Dynkin diagram.
The Tits index is drawn from the Dynkin diagram by placing vertices of the Dynkin
diagramwhich are in the same ∗-orbit close together in the Tits index. A Lie algebra
is called inner if the *-action is trivial and outer if there are non-trivial orbits.
In addition to depicting the *-action of Γ on ∆, the Tits index also gives infor-
mation about split toral subalgebras and the anisotropic kernel. The (semisimple)
anisotropic kernel of a Lie algebra is roughly the part containing no split toral sub-
algebra. Precisely, it is the derived group of the centralizer of a maximal F -split
toral subalgebra. In the Tits index, the simple roots which form the basis for the
anisotropic kernel (∆0) are uncircled. A Tits index in which all vertices are circled
indicates that the Lie algebra is split, or in the outer case, quasi-split.
Example 3. The Tits index of a Lie algebra of type 2E6 with anisotropic kernel
of type 2D4 is given below. The *-action permutes vertices 1, 6 and vertices 3, 5.
r r
r r
r r
☛
✡
✞
✝
☎
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It is important to note that the ∗-action of Γ on the Tits index (and hence on
the weight and root lattices) is not the same as the usual Galois action. In fact,
elements fixed under the ∗-action may not be fixed under the usual Galois action
and vice versa. We will often want to know the fixed elements under the usual
Galois action since, for example, the elements of a (twisted) Cartan subalgebra
fixed by Γ form an F -split toral subalgebra. Let Λ and Λr denote the weight lattice
and root lattice respectively and Λˇ, Λˇr the weight and root lattices of the dual root
system, also referred to as the co-weight and co-root lattices.
Define the fundamental dominant co-weights as the dual basis to ∆. These are
the co-weights
{λˇj | j ∈ I, (λˇj , αi) = δij}
which form a basis for the co-weight lattice. Since Λˇr ⊂ Λˇ, each co-root αˇ can
be written as an integer combination of fundamental co-weights, and each funda-
mental co-weight can be written as a rational combination of simple co-roots. Let
c = |Λ/Λr|. Then each cλˇj can be written as an integer combination of co-roots.
Suppose cλˇj =
∑
αˇ∈∆ˇ aiαˇi. Then using the map Φ↔ H sending α→ hα, let
hcλˇj =
∑
aihαi
Borel and Tits [BT65, Corollary 6.9] describe precisely which elements of Λˇ are
fixed under the Galois action and therefore which elements of H are fixed under
the Galois action. This allows us to construct a basis for F -split toral subalgebras
from the Tits index.
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Let {αi1 , ..., αir} be a circled orbit in the Tits index (so that the αij are not in
the anisotropic kernel ∆0). Associate to this orbit the element cλˇi1+ · · ·+cλˇir ∈ Λˇr
where c = |Λ/Λr|. Then the subspace of the co-root lattice fixed under the usual
Galois action is generated over Q by elements of the form
{cλˇi1 + · · ·+ cλˇir | {αi1 , ..., αir} is a Tits orbit in ∆ \∆0}
[BT65, Corollary 6.9].
In the case that the ∗-action on the Tits index is trivial, all orbits contain only
one vertex and
ΛˇΓ ⊗Q = 〈cλˇi | αi ∈ ∆ \∆0〉.
An F -split toral subalgebra has basis given by elements of the form
(1) {hcλˇi | vertex i is circled in the Tits index.}
In particular, the dimension of a maximal F -split toral subalgebra is equal to the
number of circled vertices in the Tits index.
Suppose now that L is type 2. The ∗ action gives a map
∗ : Γ→ Aut∆.
The field K = (Fsep)
ker(∗) is a finite extension of F of degree |im(∗)| = 2 for which
the Tits Index of L ⊗ K is of inner type. Letting K = F (√a) and using [Spr98,
p.279], a basis for the maximal F -split toral subalgebra in L is given by
(2) {hcλˇi + h ˇcλj ,
√
ahcλˇi −
√
ahcλˇj | {αi, αj} a circled Tits orbit}
In the case that all roots have the same length, weights and co-weights are equal.
Formulas for the fundamental dominant weights written as sums of the simple roots
can be found in [Hum72, Sec. 13, Table 1].
We also have associated to each orbit in the Tits index a central simple algebra
known as a Tits Algebra. These were defined by Tits in [Tit71] and are also
described in [QM05]. These central simple algebra invariants give us information
about the Lie algebra which will be necessary for the results on Killing forms. Tits
defines these algebras by giving a bijection between dominant weights fixed under
the ∗-action and algebra representations of L. An algebra representation of a Lie
algebra L defined over F is simply a map ρ : L → GL1(A) for a central simple
algebra A over F (see [QM05]).
It is well known that there exists a bijection between dominant weights of a split
Lie algebra and irreducible representations of the Lie algebra ([Tit71, Lemma 2.2]).
Let
β : Λ+ → irreducible representations of L.
Tits extends this notion to non-split algebras by restricting β to just the elements
of Λ+ fixed under the ∗-action of Γ. In this case by [Tit71, Theorem 3.3], we have
a bijection
ΛΓ+ ↔ {irreducible algebra representations of L}
If λ is in the root lattice of L, then the the Tits algebra associated to λ is split.
Furthermore, the Brauer class of the Tits algebra associated to the sum of weights
λ + µ is the same as the sum in the Brauer group of the Tits algebras associated
to the weights λ and µ. These properties allow us to define a homomorphsim
α : (Λ/Λr)
Γ → Br(F )
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and define the Tits algebra of a weight only up to Brauer equivalence. For any
λ ∈ Λ+ associated to a ∗-orbit in the Tits index we write A(λ) for its Tits algebra.
In the case of an inner type Lie algebra, we may associated a Tits algebra to each
vertex and we deonte the Tits algebra associated to vertex i by A(i).
3. Weight Space Decomposition
For this section S is a (not necessarily maximal) F -split toral subalgebra, which
sits inside a Cartan subalgebra H . It acts on the Lie algebra via the adjoint
representation, and we can decompose the Lie algebra into the eigenspaces induced
by this action just as we would for the action of H in the split case. We use Lµ to
denote the weight space associated to the weight µ:
Lµ := {x ∈ L | [hx] = µ(h)x for all h ∈ S}
Just as we had a highest root, we will also have a highest weight. Using the
weight spaces, L decomposes as
L = L0 ⊕
⊕
µ∈S∗,µ6=0
(Lµ ⊕ L−µ)
A weight space decomposition is similar to a root space decomposition in that
the nonzero weight spaces occur in positive and negative pairs. If µ is a weight,
−µ is also a weight, and furthermore Lµ and L−µ have the same dimension. It
is not true, however, that Lµ must be one dimensional. In addition, the zero
weight space is not the same as the zero root space. It will contain the Cartan
subalgebra H , but it is often larger than H alone. The weight space decomposition
is useful for computing the Killing form because the properties of weights mirror
the advantageous properties of roots.
Lemma 4. Let L be a simple Lie algebra over a field F with Chevalley basis {hαi |
αi ∈ ∆} ∪ {xα | α ∈ Φ+} ∪ {x−α | α ∈ Φ+} over an algebraic closure of F . If µ,
λ are weights of L such that µ+ λ 6= 0, then Lµ is perpendicular to Lλ relative to
the Killing form κ of L. Furthermore, Lµ ⊕ L−µ is hyperbolic with respect to κ. If
L is split, the Killing form κ is given by the Weyl-invariant inner product on the
dual root space. Specifically
κ(hα, hβ) = 2m
∗(L)(αˇ, βˇ)
where (αˇ, βˇ) is the Weyl-invariant inner product with (αˇ, αˇ) = 2 for a long root α
and m∗(L) is the dual Coxeter number of the algebra.
Proof. Let µ, λ be weights of L. Since µ + λ 6= 0, we must have h ∈ H such that
(µ + λ)(h) 6= 0. Let v1 ∈ Lµ and v2 ∈ Lλ. The Killing form is associative so we
have
µ(h)κ(v1, v2) = κ([hv1], v2) = −κ([v1h], v2)
= −κ(v1, [hv2]) = −λ(h)κ(v1, v2)
(µ(h) + λ(h))κ(v1, v2) = 0
Since (µ+ λ)(h) = µ(h) + λ(h) 6= 0, we must have
κ(v1, v2) = 0
Furthermore, since µ + µ 6= 0, Lµ is totally isotropic with respect to κ. Since
dim(Lµ) =
1
2 dim(Lµ ⊕ L−µ) and Lµ ⊕ L−µ is non-degenerate, κ restricts to be
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hyperbolic on Lµ ⊕ L−µ ([Lam05, I.3.4(1)]). In the split case, our weights are just
the roots. Let αˇ, βˇ ∈ Φˇ. Define a symmetric bilinear form f on Φˇ by
f(αˇ, βˇ) = κ(hα, hβ)
This form is Weyl-invariant. (By [Hum72, Lemma 9.2], 〈α, β〉 is Weyl-invariant, and
since the Weyl group action preserves root length, this implies the inner product
on the root space (α, β) is Weyl-invariant. But σαˇ(βˇ) = ˇ(σαβ), which implies that
the form f on the dual root system is also Weyl-invariant.) If Φ is an irreducible
root system, then Φ is an irreducible representation of the Weyl group. If not, Φ
decomposes uniquely as a direct sum of irreducible root systems ([Bou02, Prop 6,
VI.1.2]) so it suffices to work in the irreducible case. Then Schur’s lemma states
that there is at most one Weyl-invariant symmetric form on Φ up to scalars. Take
the scalar multiple of f that gives (αˇ, αˇ) = 2 for a long root α so that the form may
be computed from the literature (see for example [Bou02]). By [SS70, p.14] for a
long root α
κ(hα, hα) = 4m
∗(L)
Therefore
κ(hα, hα) = 2m
∗(L)(αˇ, αˇ) 
Note: In the case of a simply laced root system, αˇ = α and 〈α, β〉 = (α, β)
so over an algebraically closed field the Killing form on H is given by the Cartan
matrix.
The next lemma describes the zero weight space.
Lemma 5. Let S be an F -split toral subalgebra of L and let A be the derived
subalgebra of ZL(S). Let H be a (not necessarily split) Cartan subalgebra of L.
Then in the weight space decomposition of L with respect to S
L0 = ZH(A)⊕A
where ⊕ is an orthogonal sum with respect to the Killing form. Furthermore, A is
semisimple and A contains the anisotropic kernel of L.
Proof. It is clear that L0 = ZL(S). Since L is semisimple, L0 is the centralizer of
a toral subalgebra, so L0 is reductive [Hum81, Corollary A 26.2] and by [Jac70,
Theorem 11] decomposes as
L0 = Z(L0)⊕ [L0L0]
By definition we have A = [L0L0]. Let us now examine Z(L0). Let x ∈ L0. Clearly
[xZ(L0)] = 0 so x ∈ Z(L0) if and only if [xA] = 0. By [Jac70, Theorem 11] Z(L0) is
a toral subalgebra and is therefore contained in a maximal toral subalgebra. Since
all maximal toral subalgebras are conjugate, Z(L0) is contained in all maximal
toral subalgebras, and in particular Z(L0) is contained in H . Therefore Z(L0) is
precisely the elements of H which centralize A.
Z(L0) = ZH(A)
If S is a maximal F -split toral subalgebra, A is precisely the semisimple anisotropic
kernel of L with simple roots corresponding to the non-circled vertices in the Tits
index ([Tit66]). If S is contained in a maximal F -split toral subalgebra, then A
will contain the semisimple anisotropic kernel. 
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Lemmas 4 and 5 give the following decomposition for any isotropic Lie algebra
L with split toral subalgebra S and subalgebra A containing the anisotropic kernel.
L = A⊕ ZH(A)⊕
⊕
µ∈S∗,µ6=0
(Lµ ⊕ L−µ)
where the sums oustide the parenthesis are orthogonal with respect to κ
4. Method for Computing Killing Forms
The weight space decomposition of L given in the previous section significantly
streamlines the computation of the Killing form. With this decomposition in mind,
we now prove Theorem 1
Proof. Since A contains the anisotropic kernel of L, we know that ZH(A) is F -split.
Decomposing with respect to ZH(A) gives
L = A⊕ ZH(A)⊕
⊕
µ∈S∗,µ6=0
(Lµ ⊕ L−µ)
where the sums outside the parenthesis are orthogonal with respect to κ. Further-
more, each Ai is orthogonal with respect to the Killing form so κ|A is the sum of
the κ|Ai . Let κi denote the Killing form of the subalgebra Ai. We first note that
κ|Ai is Ai-invariant by the properties of trace. Since κi is also Ai-invariant, and the
nonzero Ai-invariant bilinear form on Ai is unique up to a scalar multiple ([GW98,
Theorem 5.1.21]), we must have
κ|Ai = 〈c〉κi
for some scalar c. Now let α ∈ ∆′ ⊂ ∆ so hα ∈ Ai. Then by Lemma 4
κ(hα, hα) = 4m(L) and κi(hα, hα) = 4m(Ai)
forcing c = m(L)
m(Ai)
. That is,
κ|A = m(L)
m(A1)
κ1 ⊥ ... ⊥ m(L)
m(Al)
κl.
On the subspaces Lµi⊕L−µi , we know that κ restricts to be hyperbolic (Lemma
4) and the dimension of the nonzero (hyperbolic) weight space is dimL−dimL0 =
n− (n′ + |∆ \∆′|). This gives the result.

Note: In the case that L has roots of different lengths, the above theorem holds
by simply replacing the Coxeter number with the dual Coxeter number, except in
the following case. Suppose there exists α ∈ ∆′ ⊂ ∆ such that α is short in Ai but
long in L. Then according to [SS70, p.14-15]
κ′(hα, hα) = 4m
∗(Ai)
κ(hα, hα) = 4cm
∗(L)
where c is the square of the ratio of the root lengths and m∗ is the dual Coxeter
number of the algebra. Then the scalar is cm
∗(L)
m∗(Ai)
.
The only remaining subspace of the decomposition for which we have not com-
puted the Killing form is ZH(A). The next section discusses computing the Killing
form on a toral subalgebra by calculating dimensions of appropriate irreducible
representations.
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5. Calculating the Killing form on ZH(A)
In this section we discuss a streamlined method for computing the Killing form
on a split toral subalgebra, specifically the centralizer of a subalgebra containing the
anisotropic kernel. We will assume our root system is simply laced so that coroots
equal roots and coweights equal weights. Since A contains the anisotropic kernel of
L, ZH(A) is split or quasi-trivial. We use the results of Section 2 to see the basis of
a maximal F -split toral subalgebra containing ZH(A). Since the Killing form on a
toral subalgebra of outer type can be computed in terms of basis elements for the
inner type toral subalgebra, we will work only in the case that L is of inner type
and Φ is simply connected.
Proposition 6. Let A have basis ∆′ ⊂ ∆. Then a basis for ZH(A) is
{hcλj | αj ∈ ∆ \∆′}
Proof. A basis for ZH(A) is contained in the basis 1. Let hcλj be a basis element
from 1. Then hcλj ∈ ZH(A) if and only if
[hcλjxαk ] = 〈αk, cλj〉 = 0
for all αk ∈ ∆′. For each such αk define
φk : Λr → Z : αk → 〈αk, λ〉
Then hλ ∈ ZH(A) if and only if λ ∈
⋂
k
kerφk. Clearly each basis element given
above is in
⋂
k kerφk, and from Section 2 we know the rank of ZH(A) is |∆\∆′|. 
We can compute the Killing form on ZH(A) using this basis. Let hcλj =∑
αi∈∆
aihαi First note that
[hcλjxα] = α(hcλj )xα = 〈α, cλj〉cajxα
so ad(hcλj ) is a diagonal matrix with entries c(coefficient of αj). Using the sym-
metry of positive and negative roots we have
(3)
tr(ad(hcλi) ad(hcλj )) = 2c
2
∑
α∈Φ+
(coefficient of αi in α)(coefficient of αj in α)
or in the case i = j
(4) tr(ad(hcλi) ad(hcλi)) = 2c
2
∑
α∈Φ+
(coefficient of αi in α)
2
To compute κ(hcλi , hcλj ), we need only those roots in Φ
+ with nonzero αi and αj
coefficients. To count these roots we introduce the notation of [ABS90].
Fix a subset ∆J ⊂ ∆. The level of a positive root β =
∑
i∈I
ciαi with respect to
∆J is the sum of the coefficients of the αi ∈ ∆\∆J . The shape of β is
∑
i∈I\J ciαi.
The goal is to grade the Lie algebra according to the level and shape of its roots.
Then the Killing form of an element hnλi can be given in terms of the dimension
of an irreducible representation of a subalgebra.
KILLING FORMS OF ISOTROPIC LIE ALGEBRAS 9
Let MI\J(l) denote the product of all root spaces L−β with level(β) = l. By
[ABS90, Theorem 2],
MI\J(l) =
∏
S a shape of level l
VS
where each VS is an irreducible representation of the Lie algebra LJ generated by
basis ∆J .
Furthermore, the highest weight of VS is the negative of the root with shape S
and minimal height (in L) ([ABS90]). In the case ∆ \∆J = αi, the only possible
shape for a fixed level l is lαi so Mi(l) is a standard cyclic representation of LJ
with highest weight −lαi − βl, denoted VLJ (−lαi − βl). The dimension of this
representation can be used to compute κ(hnλi , hnλi).
Proposition 7.
κ(hnλi , hnλi) = 2n
2
∑
l>0
l2 dimVLJ (−lαi − βl)
Proof.
tr(ad(hnλi) ad(hnλi)) = 2n
2
∑
β∈Φ+
(coefficient of αi in β)
2
= 2n2
∑
l>0
l2 dimLJ M{i}(l). 
The same method can be used in some cases to compute κ(hnλi , hnλj ) for i 6= j.
In this case, take ∆J = ∆ \ {αi, αj}. A root β contributes to the above sum if
only if both its αi and αj coefficients are nonzero. In the E6 case with L
′ = D4,
this condition states level(β) = 2 with respect to ∆ \∆J = {α1, α6}. The notation
makes this process appear more complicated than necessary. Using it to compute
the Killing forms for Real Lie algebras in the next section should clarify that this
is really a straightforward process.
6. Real Lie Algebras
Theorem 1 produces very nice results for Lie algebras over the real numbers.
It allows us to read the Killing form directly from the Tits index by noting the
number of single circled vertices and the size of the anisotropic kernel.
Lemma 8. Let L be a Lie algebra of type 2 over F and let {αi, αj} be an orbit in
the Tits index of L not contained in ∆0. The Killing form on the 2 dimensional
toral subalgebra associated to this orbit is given by
〈2(x+ y), 2a(x− y)〉
where x and y are integers such that x > y > 0 and x = κ(hcλi , hcλi) = κ(hcλj , hcλj ),
y = κ(hcλi , hcλj ). The field K = F (
√
a) is the quadratic extension over which L is
type 1.
Proof. By (2), an F -basis for the quasi-split toral subalgebra corresponding to the
orbit {αi, αj} is
{hcλi + hcλj ,
√
ahcλi −
√
ahcλj}
We can compute the Killing form as follows.
(hcλi + hcλj , hcλi + hcλj ) = (hcλi , hcλi) + 2(hcλi , hcλj ) + (hcλj , hcλj )
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(
√
ahcλi −
√
ahcλj ,
√
ahcλi −
√
ahcλj ) =
a(hcλi , hcλi)− 2a(hcλi , hcλj ) + a(hcλj , hcλj )
(hcλi + hcλj ,
√
ahcλi −
√
ahcλj ) =
√
a(hcλi , hcλi)−
√
a(hcλj , hcλj )
Because of the symmetry of the root system (hcλi , hcλi) = (hcλj , hcλj ). Let x =
(hcλj , hcλj ) and let y = (hcλi , hcλj ) giving the Killing form as
〈2(x+ y), 2a(x− y)〉
Since x, y are dimensions of irreducible representations x, y > 0. Furthermore roots
with positive αi and αj coefficients contribute the sum in 3, while those with only
positive αi (or αj) coefficient contribute only to the sum in 4. Since αi, αj are roots
themselves, the latter sum will always be larger giving x > y. 
For a real Lie algebra, we let κ denote the signature of the Killing form in Z. We
use λi denote a fundamental dominant weight of the larger Lie algebra L and ωi
to denote a fundamental dominant weight of the subalgebra LJ with simple roots
∆J . Let L be a Lie algebra over R with anisotropic kernel A. Then L decomposes
as
L = ZH(A) ⊕A⊕
⊕
µ∈S∗,µ6=0
(Lµ ⊕ L−µ)
By Lemma 4, we know that κ|(Lµ⊕L−µ) is hyperbolic so the signature here is 0.
The subalgebra A is compact, so κA = (dimA)〈−1〉 [Hel78, Proposition 6.6]. Since
m∗(L), m∗(A) are positive, m
∗(L)
m∗(A) = 1 ∈ R∗/R∗2 and κ|A = (dimA)〈−1〉. This
leaves only κ|ZH (A). Since A is the anisotropic kernel of L, ZH(A) is split or quasi-
split.
Suppose ZH(A) contains non-trivial orbits so that L is type 2. By Lemma 8, the
Killing form on a non-trivial orbit is 〈2(x+ y),−2(x− y)〉 where x > y > 0. This
form is hyperbolic, so its signature is also zero. The trivial orbits of ZH(A) are
split. By Lemma 4, the non-hyperbolic part of the Killing form on a trivial orbit is
a positive multiple of the Weyl-invariant bilinear form on coroots, which is positive
definite [Hum72, 8.5]. This gives the Killing form on a trivial orbit as 〈1〉. Since
each orbit in ZH(A) is orthogonal with respect to κ we have κ|ZH(A) = n〈1〉 where
n is the number of circled single vertices in the Tits index. This gives the Killing
form on L:
(5) κ = (# of circled single vertices in Tits index) − (dim of the anisotropic kernel)
7. Inner Type E6
One of the main goals for this new method of calculating Killing form of isotropic
Lie algebras is to be able to give a formula for the Killing form of the lesser under-
stood exceptional Lie algebras. This method allows us to build up a Killing form
for an exceptional Lie algebra based on the Killing form of a classical subalgebra.
In the E6 case, we utilize our knowledge of its D4 subalgebra. Understanding D4
together with the methods developed in the previous sections allows us to give an
explicit formula for any Lie algebra of inner type E6 based on its Rost invariant.
The critical case here is the E6 Lie algebra whose anisotropic kernel is of type D4.
We first show that we can achieve this case (or the split case) over an odd degree
extension for any 1E6 Lie algebra.
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Lemma 9. For any Lie algebra L of type 1E6 (inner type) over F , there exists
an odd degree extension K/F such that the Tits index of L ⊗F K is one of the
following:
r r r r r
r
❢ ❢❢
❢
❢ ❢ r r r r r
r
❢ ❢
Proof. It suffices to prove this in the case L is an algebraic group of type 1E6.
We first show that there exists an odd-degree extension of F for which the Tits
algebras of L are trivial. Recall that L has Tits algebras A(2) = A(4) = F and
A(1) = A(5) = A(3)op = A(6)op. The Tits algebra A(1) has order dividing 27
in Br(F ) ([Tit71, 6.4.1])and so there exists an odd degree extension K that splits
A(1).
Over K then, L ∼= Inv(A), the group of isometries of the cubic norm form of an
Albert algebra A ([Gar01b, Theorem 1.4]). We will show that there exists an odd
degree extension of K for which A is reduced and that over this extension, the Tits
index of L has vertex 1 circled. By Tits’ classification ([Tit66]), the Tits index will
be one of the two given.
By [KMRT98, 40.8], A is reduced if and only if the invariant g3(A) ∈ H3(∗,Z/3Z)
is zero. But g3(A) is a symbol in H
3(∗,Z/3Z) ([Tha99, p.303]), so writing g3(A) =
(a) · (b) · (c), it is enough to show that res(a) ∈ H1(∗,Z/3Z) = Hom(∗,Z/3Z) is
zero over an odd-degree extension of K. Let Ka be the Galois extension of K
corresponding to ker(a). Then [Ka : K] = | im(a)| divides 3 and clearly res(a) = 0
in H1(Ka,Z/3Z). Therefore, over Ka, A is reduced.
We have a bijection between homogeneous varieties L-varieties over F and ∗-
invariant subsets of the Dynkin diagram [BT65, 6.4,2]. Furthermore, such a variety
has a point if and only if this subset consists of circled vertices [BT65, 6.3,1]. In
this case, we have an explicit description of the variety associated to vertex 1 in
[GC06, 7.10]. It is {Kv | v ∈ A with v 6= 0 and v♯ = 0}. Consider the diagonal
matrix (1, 0, 0) ∈ A. Using the formula for v♯ given in [Jac68, p.385, (6)] we have
(1, 0, 0)♯ = 0. Since this element is nonzero, it is in the variety associated to vertex
1 and hence vertex 1 is circled in the Tits index of L ⊗ Ka. Since [Ka : K] and
[K : F ] are both odd, we have proven the proposition. 
Lemma 10. Let L be a Lie algebra of type 1E6 as in Lemma 9. Then the D4
subalgebra is so(q), where q is a 3-fold Pfister form and e3(q) = r(L), the mod 2
part of the Rost invariant of L as defined in [GG08].
Proof. Again we may prove this in the algebraic group case. Let L be an alge-
braic group wth Tits index above and let D4 denote the D4 subgroup with roots
α2, α3, α4, α5. Let A
′(2) denote the Tits algebra associated to vertex 2 as a Tits
algebra of D4. In the first case, it is clear that A
′(2) is split. In the second, D4 is the
anisotropic kernel of L and so A′(2) is the same as the Tits algebra A(2) associated
to vertex 2 in L [Tit71, 5.5.2,5.5]. In L, λ2 ∈ Λr indicating that A(2) is split over
F and the irreducible 8-dimensional representation of D4 with highest weight λ2,
V (λ2), is defined over F . By [GW98, 5.1.21, 5.1.24 and proof of 2.5.5], there exists
a non-zero D4-invariant symmetric bilinear form q on V (λ2) and a representation
pi : D4 → so(q). Since D4 is simple with dimD4 = dim so(q), pi is an isomorphism.
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By [Tit71, 6.2], C0(q) = A(3) × A(5). Furthermore, λ5 ≡ −λ3 ≡ λ1 modulo Λr
and since A(1) is split, C0(q) = M8(F ) ×M8(F ) and C(q) = M16(F ) giving the
Clifford invariant c(q) = 1 ([Lam05, V.3.12]). Since dim q = 8, disc(q) = (−1)4 and
c(q) = 1, we have q ∈ I3F by Merkuryev’s Theorem.
Let E6 denote the split simply connected Lie algebra of type
1E6. Then there
is a unique η ∈ H1(F,E6) such that E6 twisted by η is L ([KMRT98, Proposition
31.5]). But L is also isomorphic to the algebra obtained by twisting E6 by η
′ ∈
H1(F, so8) ⊂ H1(K,E6) where so8 twisted by η′ is so(q) ([Tit66, Theorem 2.2]).
Furthermore η′ ∈ H1(F, Spin8) since q is Pfister ([KMRT98, 31.41]). Then the
quadratic form q is uniquely associated to η by Arason-Pfister Haupstatz [Lam05,
X.5.1]. Consider the following sequence:
H1(F, Spin8)
i−−−−→ H1(F,E6) Rost−−−−→ H3(F, µ⊗26 )
p−−−−→ H3(F,Z/2Z)
The Rost multiplier of the inclusion Spin8 → E6 is 1 ([Gar01a, 2.2]). Therefore
RostE6(η) = RostSpin8(η
′) = e3(q) ∈ H3(F,Z/2Z).
By [GG08, Prop. 5.2 and Def. 5.3], RostE6(η) projected toH
3(F,Z/2Z) is precisely
the r-invariant r(L).

We now prove Theorem 2.
Proof. Let L be a Lie algebra of type 1E6 over F and let K/F be the odd degree
extension described in Lemma 9. We will show that over K, L has a subalgebra of
type D4 = so(q) where q is a Pfister form defined over F .
By Lemma 10, L⊗K has aD4 subalgebra of the form so(q) where q is aK-Pfister
form and e3(q) ∈ H3(K,Z/2Z) is r(L⊗K) = res(r(L⊗F )). Since res(r(L⊗F )) is a
symbol in H3(K,Z/2Z), r(L⊗F ) is a symbol in H3(F,Z/2Z) ([Ros99, Proposition
2]). Therefore q is in fact a Pfister form over F .
We now compute the Killing form of L ⊗ K using Theorem 1. By Springer’s
Theorem, this is isomorphic to the Killing form of L⊗F since [K : F ] is odd. It is a
straightforward exercise to show that the Killing form of so(q) for q = 〈a1, a2, .., an〉
is κ ∼= 〈−2(2n− 2)〉λ2q, where λ2q =⊥i<j 〈aiaj〉. In the case q is 3-fold Pfister
form, the Killing form of so(q) is
〈−3〉4q0
where q ∼= 1 ⊥ q0.
Let A = so(q), the subalgebra of type D4 in this E6. Then ZH(A) is generated
by h3λ1 , h3λ6 and we compute the Killing form using the methods described in the
previous chapter. Again, we use λi to denote a fundamental dominant weight of
L ⊗ K and ωi to denote a fundamental dominant weight of LJ ⊗ K. In these
calculations we will use J = {1, 2, 3, 4, 5}, {2, 3, 4, 5, 6}, and {2, 3, 4, 5} so LJ ⊗K
is of type D5, D5, and D4, respectively.
κ(h3λ1 , h3λ1) = 18 dimVD5(−α1) = 18 dimVD5 (−2λ1 + λ3)
= 18 dimVD5(−ω4) = 18 ∗ 24 = 288
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κ(h3λ6 , h3λ6) = 18 dimVD5(−α6) = 18 dimVD5(λ5 − 2λ6)
= 18 dimVD5(ω5) = 18 ∗ 24 = 288
κ(h3λ1 , h3λ6) = 18 dimVD4(−(α1 + α3 + α4 + α5 + α6))
= 18 dimVD4(−λ1 + λ2 − λ6) = 18 dimVD4(ω2)
= 18 ∗ 8 = 144
This form diagonalizes to 〈2, 6〉. Using Theorem 1 and the fact that m(E6)
m(D4)
=
12
6 = 2 gives the result. 
The table below gives the results for each type of 1E6 where r(L) = 1 ⊥ q0.
We need only know the Rost invariant to compute these forms. The reader should
compare these streamlined these formulas to Jacobson’s [Jac71]. In the split case
r(L) = 4H, so we can give the formula with no q0. In the third case, Lemma 9
shows that the Killing form is isomorphic to the Killing form of the split Lie algebra.
Tits Index Killing form
r r r r r
r
❢
❢
or more circles 〈1, 1, 1, 1, 2, 6〉 ⊥ 36H
r r r r r
r
or more circles 〈−1〉4q0 ⊥ 〈2, 6〉 ⊥ 24H
Table 1. Results for 1E6
8. Results for Lie algebras of type 2E6
Theorem 1 also yields results for some outer type E6 Lie algebras. For this
section L refers to a Lie algebra of outer type E6 with one of the following Tits
indices:
(6)
r r
r r
r r
☛
✡
❢ ❢
✞
✝
☎
✆
✞
✝
☎
✆
r r
r r
r r
☛
✡
❢
✞
✝
☎
✆
r r
r r
r r
☛
✡
✞
✝
☎
✆
As in the inner type case, the subalgebra of type 2D4 plays a crucial role. We begin
by describing this subalgebra.
Lemma 11. Let Γ = Gal(Fsep/F ) and let ∗ : Γ → S3 be the map from Γ into
the automorphism group of the Tits index of 2D4 given by the ∗-action of Γ. Let
K = (Fsep)
ker ∗. Then K = F (
√
a) for some a ∈ F˙ and
2D4 = so(1 ⊥ 〈a〉q0)
where 1 ⊥ q0 is a Pfister form over K.
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Proof. Over F , the fundamental weight λ2 is in the root lattice of E6 so A(2) is
split as a Tits algebra of E6. When vertex 2 is circled in the Tits index of a Lie
algebra of type 2E6, A(2) is split as a Tits algebra of D4.When D4 is the anisotropic
kernel of E6, the Tits algebras for the vertices in D4 are the same as those for the
vertices 2,3,4,5 in E6 above [Tit71, p.211]. Since A2 is split in each of these cases,
V (λ2), the 8-dimensional irreducible representation of D4 with highest weight λ2, is
defined over the base field F . There exists a D4 invariant symmetric bilinear form
on V (λ2) by [GW98, 5.1.21, 5.1.24 and Proof of 2.5.5] so we have a representation
pi : D4 → so(q) for some 8-dimensional quadratic form q. Since D4 is simple, pi is
injective, and since dimD4=dimso(q)=28, pi is an isomorphism.
The image of the map ∗ : Γ → S3 has order 2 since our D4 is of type 2 [Tit66].
Therefore [K : F ] = 2 and so K = F (
√
a) for some a ∈ F˙ . Notice that L ⊗K is
of inner type. We now describe the Tits algebras of L over K. Let B be the Tits
algebra associated to the orbit {α3, α5} over F (using the number of the vertices
in E6). Let ι be the non-identity element of ∗(Γ). Then over K
B ⊗F K = (B ⊗K K)⊗F K = B ⊗K (K ⊗F K) = B ⊗K (K × ιK)
B ⊗K K ×B ⊗K ιK = B × ιB = A(3)×A(5)
where A(3) and A(5) are Tits algebras associated to vertices 3, 5 in the inner type
D4 ⊂ E6. The even Clifford algebra of q ⊗ K = A(3) ⊗ A(5) [Tit71, 6.2]. But
we are in the inner case over K, so there exists an odd degree extension of K for
which all Tits algebras are trivial. (See proof of Lemma 9.) Over this extension K ′
then C0(q⊗K ′) =M8(K ′)⊗M8(K ′) and C(q⊗K ′) =M16(K ′) [Lam05, V.2.5] so
c(q ⊗K ′) = 1 and since also dim q = 8, disc q = 1, q ⊗K ′ is a Pfister form. But
then q ⊗K is Pfister [Ros99, Proposition 2] and
q ⊗ F = 〈1〉 ⊥ 〈a〉q0
where 1 ⊥ q0 = q ⊗K [Lam05, VII.3.3]. 
Theorem 12. Let L be a Lie algebra of outer type E6 with one of the Tits indices
mentioned. The Killing form of L is
κ ∼= 〈−6〉(3q0 ⊥ 〈a〉q0) ⊥ 〈6, 2a〉 ⊥ 24H
where 〈1 ⊥ q0〉 is r(L ⊗K).
Proof. Let A be the subalgebra of type 2D4. The ratio of the Coxeter numbers of
L and A is 2 so Theorem 1 gives
κ = 2κA ⊕ κ|ZH (A) ⊕ 24H
Since A = so(1 ⊥ 〈a〉q0), the Killing form of A is
κA = −2(6)λ2q = 3q0 ⊥ 〈a〉q0
The quasi-split toral subalgebra ZH(A) has F -basis {h3λ1+h3λ6 ,
√
ah3λ1−
√
ah3λ6}
[BT65, 6.9]. We calculate the Killing form using results from the 1E6 case which
are restated below.
κ(h3λ1 , h3λ1) = 288
κ(h3λ6 , h3λ6) = 288
κ(h3λ1 , h3λ6) = 144
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The Killing form for ZH(A) in the type 2 case is then:
κ(h3λ1 + h3λ6 , h3λ1 + h3λ6) = 3(288)
κ(h3λ1 + h3λ6 ,
√
ah3λ1 −
√
ah3λ6) = 0
κ(
√
ah3λ1 −
√
ah3λ6 ,
√
ah3λ1 −
√
ah3λ6) = a(288)
This form diagonalizes to
〈6, 2a〉.
Combining these results gives the formula for outer type E6. 
In the quasi-split case, 1 ⊥ q0 = 4H so 3q0 = 〈−1〉 ⊥ 3H giving the Killing form
on 2D4 as
〈−1〉〈1, 1, 1, a〉 ⊥ 12H
The table below summarizes the Killing form for the other cases.
Tits Index Killing form
r r
r r
r r
☛
✡
❢ ❢
✞
✝
☎
✆
✞
✝
☎
✆ 〈6〉〈1, 1, 1, a〉 ⊥ 〈6, 2a〉 ⊥ 36H
r r
r r
r r
☛
✡
✞
✝
☎
✆ or more circles 〈−6〉(3q0 ⊥ 〈a〉q0) ⊥ 〈6, 2a〉 ⊥ 24H
Table 2. Results for 2E6
Garibaldi and Petersson [GP07, 11.1] describe a bijection between pairs (C,K)
of octonion F -algebras C and quadratic extensions K and simply connected groups
of type E6 as in Table 8. In the above formulas 1 ⊥ q0 is the norm form of C and
K = F (
√
a).
It should also be noted that Jacobson’s methods also give the above results,
although his formulas are much more complicated (see [Jac71, p.114]) and one
needs the main results of [GP07] to connect his formulas to the Tits index.
9. Results for Lie algebras of type E7
For Lie algebras of type E7 we have only inner type. Theorems 1 and 2 give us
immediate results for isotropic Lie algebras of type E7 when the anisotropic kernel
is contained in the subalgebra of type E6. The Killing form for these Lie algebras
is obtained by letting A = E6 in Theorem 1 and using the results from Theorem 2
to give the Killing form on A.
Theorem 13. Let L be an isotropic Lie algebra of type E7 whose Tits index is
r r r r r r
r
❢
or has more circles. Let q0 denote the invariant r(E6). Then the Killing form on
L is isomorphic to
〈2, 1, 1〉 ⊥ 4〈−1〉q0 ⊥ 51H
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Proof. Let A = E6. ZH(A) is a one dimensional F -split toral subalgebra corre-
sponding to vertex 7. A basis for ZH(A) is just h2λ7 and the Killing form on
ZH(A) can be computed as follows.
κ(h2λ7 , h2λ7) = 2(2
2) dimVE6(−α7) = 8 dimVE6(λ6 − 2λ7)
= 8 dimVE6(ω6) = 8 ∗ 27 = 216
≡ 6mod F ∗2
The Coxeter number of E7 is 18 and the Coxeter number of E6 is 12 so Theorem
1 and the computations above give
κ = 〈3
2
〉(〈−24〉4q0 ⊥ 〈2, 6〉 ⊥ 24H) ⊥ 〈6〉 ⊥ 27H
Simplifying the form and reducing modulo squares gives
κ = 4〈−1〉q0 ⊥ 〈3, 1, 6〉 ⊥ 51H
But
〈3, 6〉 ∼= 〈1, 2〉
since they have the same discriminant and both represent 9 [Lam05, I.5.1]. This
gives
κ = 〈2, 1, 1〉 ⊥ 4〈−1q0〉 ⊥ 51H 
Table 9 summarizes the results for E7. Here 1 ⊥ q0 is the r-invariant of the E6
subalgebra. In the split case 1 ⊥ q0 = 4H so q0 = 〈−1〉 ⊥ 3H.
Tits Index Killing form
r r r r r r
r
❢ ❢❢
❢
❢ ❢ ❢ 〈2, 1, 1, 1, 1, 1, 1〉 ⊥ 63H
r r r r r r
r
❢
or more circles 〈2, 1, 1〉 ⊥ 4〈−1〉q0 ⊥ 51H
Table 3. Results for E7
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